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Abstract

In this article, we provide the natural derivation of symmetrical, coordinate independent canonical
energy-momentum tensor for gravitational field.

1 Introduction

The stress-energy-momentum pseudotensor is traditional method to describe the concept of energy-momentum
of gravitational field. The Landau-Lifshitz pseudotensor ¢/ is derived from the Einstein field equation

GM = KT to satisfied the conservation law (T"" +t}" ), = 0, where G*” is Einstein field tensor, xk = 8:4G,

and TH" is the energy-momentum tensor of source.
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4" is symmetrical but depend explicit in the Christoffel symbols (i.e., coordinate dependent and van-
ish in specific coordinate). The Dirac pseudotensor ¢}, starting from the equivalent action .£* and de-
rived using standard Noether’s theorem derivation. The original Einstein-Hilbert action ¥ = R\/—g =
Llg*, g ., g“”’w] depend on the second derivative of metric tensor, where R and g are Ricci scalar and
g = det(gu.), respectively. The Ostrogradsky instability indicate the Lagrangian should not depend on
higher order derivative more than 1st order. The equivalent action

L =2 = 0,(V=99"T}; —V=99""T},)
= V=gg" (7,19, ~T7,T%,)
=Z"g", 9" ,]
have same EoM with advantage only depend on the 1st order derivative of metric tensor, which can apply

standard Noether’s theorem derivation. However, the equivalent action .£* lost the scalar property. Also,
the Dirac pseudotensor ¢/,
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lost the symmetric property, and is coordinate dependent and vanishes in specific coordinate as ¢/ .

As we previously derive the symmetrical, gauge invariant canonical energy-momentum tensor for abelian
and non-abelian gauge field, in this article we generalize to general relativity. To reserve the scalar property
of the Lagrangian and avoid the higher-order derivatives, we will use Palatini variation for derivation the
EoM. To further apply Noether’s theorem, we will use the vielbeins technique for deriving the conservation
law. A more detailed derivation can be found in the supplementary derivation.



2 Derivation of Palatini variation
The Palatini variation treat metric tensor g““ and the connection I'y | as independent field. The curvature
(1)

tensor Rf, . :
Riwa = Fiﬂ,w - riw,o + F'EwaZn - F'EyUFZw

and the torsion tensor Tg. :
Tg, =5y =155 = =T (2)
In the following, we will NOT assume the connection to be torsion-free, i.e., T3, #0 e I'g # I'Y5 in

rwo = g[glw’ FZw ]‘—‘ZV,"/}

general. The Einstein-Hilbert action:
1
Z = 27 Vv _gguyéanwa
K

1
S = o [ doVTag TS R,
K

Here we note that the Ricci tensor R, and Ricci scalar R are:
RKU = 5;]Rﬁw¢7

R=9""R.o

and
,80.7 = i\/—gR. Since the metric tensor g"” and the connection I'};,, are independent field, the Lagrangian

only depend on 1st order derivative of the connection. The Palatini variation:
) dz
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Two equations of motion (EoM) are
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3 EoM#1 - Einstein Field Equation

Since the curvature tensor do not depend on metric tensor, the first EoM:
0L 1 1
= 5.V RUJ -3 wR =0
o9~ 2k g( SR )

1
7g;wR

Define the Einstein field tensor G, :
G =Ry, —
H " 2

0Le 0% 1
3V 9Cm + 5o

For vacuum, G, = 0 is the Einstein field equation in vacuum.
If the matter presents, & = % + Ly, where £ = i\/ —gR and %) is matters. The variation gives:
0%,
M—0
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4 EoM#2 Relate to The Metric Compatible Condition

To show the second EoM relates to the metric compatible condition, we will use the following relations:

ﬁ(ﬁ),v = sz

1
g = N (V=gg™)  — T,
We first calculate 2 d -2Z for later use:

an
ara, ars,
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Substituting Eq.(7) and Eq.(9) into EoM(more detail derivation, see supplement Eq.(10) below):

(V=99"")a = (V=99"") 106 = V=99 0eltc + V=99""Taw —V—99"Ths —V-99"" T4y

Ty
9" 0+ 9y + 9" Ty = [0 5 + g™ Vg g0y + 9" TL 1 05 + 9" T, + 9" T,
Define the ”covariant derivative”
9" 0 = 9" 0+ 9" T + 9" T,

Eq.(10) becomes to
glﬂ’;a = (gM'YW + gN'Y T’f;i’Y) 5; + gMVT;”Y + gMNTKVa
After some calculation (more detail derivation, see supplement Eq.(12) below), we arrive
1
gl“,;a = ggﬂ’}’ Tg'y 6; + g#VTc’uY'y + g#KT:a

Eq.(12) indicate that:

(10)

Torsion-free then metric compatible Metric compatible then torsion-free

If torsion-free: Tg = 0, then g"”,, =0 If Metric compatible: ¢g"”., =0, then T}, =0

Table 1: Comparison of Torsion-free and Metric Compatibility Conditions
If torsion-free, then
9" 0 =9" 0+ 9" o +g"" T}, =0

is the metric compatible condition.



5 Vielbeins Formalism

In previous tutorials, the variation of the Lie-algebra value gauge 1-form (gauge connection) B on principal
bundle is :

AB = 6B + L5, B (13)

In local coordinate p — {z*}, the expressions of B is

B(p) = Bj(z")T,
, where T, is the generator of Lie algebra. For a given Lie algebra representation:

R " b
T, = (Ta)

C

We define the notation:
b
. .
B, =B} (1a)

. The curvature tensor:

G=dB+ [B A B] - GZ;U/ = Bgl/,u - Bl()lu,l/ + B?;J,Blfl/ - Bgllégu (14)

Eq.(13) in local coordinate with Lie algebra representation is:

AB!, = 6B%, +02"0,B%, + BY,0,62" (15)

Ls.B
However, the connection on tangent bunble is more subtle. The curvature on tangent bundle is Eq.(1):

R, =T¢ _—T¢, 4D T —TI5 I (1)

Kwo KO,Ww RWw,o YW KO YO KW

The principal curvature Eq.(14) is Lie-algebra value 2-form. In contrast, the tangent bundle curvature takes
value in tangent vector. If we directly apply Lie derivative on tangent connection:

N a
(CMF) = 0T+ TR0, + 005, — T, 05 4 T5,005,

due to tangent vector value

We can use Vielbeins formalism. In the vielbeins formalism, the tangent connection I'Y_ becomes the
spin connection wf in the frame bundle, which is gl-value 1-form. From the tangent formalism {J,} to the
vielbeins formalism {é,}, define the transformation e# such that(more detail can be found in Supplementary:
Vielbeins):
O, = e
Juw = €Z€l§nab

Kol — i ppb _ sa
ehe, =0, and eje;, = oy

The spin conncection:
a __ _a _KT€ a [
Whe = €€ Fna + eueb,o—
The frame bundle curvature Z; is
a — a a a C a C
'@bwa - wbo’,w - wbw,cr + WewWhs — WeaWhew

__a_K DE
= CCp i o



With this preparation, the Hilbert-Einstein action becomes as follows:
1
S = /d4x\/ 99" e R, . = 2—/d4x n*el el Zs o (16)
K
, where e = det(ef,) = /—g.

The variation is similar to Eq.(3):

a,zﬂ 0L
58 = /( Wep + 50w CM) d*a
Wep,y
/ e selid s / ;.,2: —( 63? ) Swp,d 'z + / [a&ff 5wi’4 d*z (17)
ol 43 cp Y/ Wep,y Y

EoM#4

Since gu, = nabeﬁef’,, the variation dg,, = 2nabezdeg, the FoM+#3 is similar to EoM#1. EoM#4 is also
similar to FoM#2. Now, we apply the Noether variation:

AS = / [EoM]d*z + / {a < aa‘fﬂ Sw? >+($5ﬂ)ﬁ] d*z

CchLY

The spin connection w is gl-value 1-form, we apply similar variation as Eq.(15):

Awl, = dw?, + 02°0.wh, + wh 0,02 (18)
Lszw
We have:
4 0Z e WP 4
AS = [ [EoM]d*z+ [ |0, (Aw — oz Ew .0,02%) | + (Léa7) | d*x
Ow g“, 7
= /[EOM] d*z+ [ 9, 8‘? szu - a‘fp Wep, 0T + ‘? wlggémfu —02.L52° | | d*ax
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()
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Evaluate the (x) term:

6‘“2#,7 co a‘”guﬁ “ " cuy/ ey
() (x1) (%2) (x3)
We first calculate 83;? for later use:
0% 1 0%
_ ce (L1,Y oY oM _ 19
awgu B 2[{6 n (ee eb e eb) ( awlc;fy u) ( )
The (x1) term:
0¥ 1
0y {8 . wﬁjms} = |3.€ n° (ele) —ee}) wh dac =0
Wep,y " 1)

(x1) Y
The (*2) term rely on EoM#4, using

0L N 0L b oo e B 0L 4 . .
[(8 - )ﬂwce&c ] \—’_/—[“)7 l( b )chgéa:] = 0y (&ub We0x )

CH vy (19) CY
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and

0% 1 1
ot ﬂeﬂ “(ele) —ele v)w + — 5 (e’ge} — e’Ye?) wl{# (20)
We can calulate
0% 0%
dwb wga Auwb (szwgu - wguwge) (21)
cy Wep,y

The (*) term than become:

0¥ R 0L . A .
0y [8 lc’, 7‘”25595,4 = (0) -0, [8@;” wgg,uéac ] +0, {6‘ g} ; (wgswgu —wguwga) o

() (*3) (+2)

We have:
0% 0Z . 0Z .. 0 R R
AS = / [EoM]d*z + /87 @Aw’gu |2 gwwlgwax - @wlge’uéw + . (wgswfu - wguwi) 0z —0] Léx d*x

(*3) (%2)

= / [EoM]d'x + /a gAwb ( i (wzlzu.,s - wlc)s,u + wflswzu - wfl#wgs) oz° — 5;/355”&)] d'z

awguv “ Oty
= [ [EoM]d*z + [ 0, 02 —Awb, — 02 —— R L) 6a| dx
8 guv . Ow guv e :

The canonical energy-momentum tensor:

0Z

=" —0Y%
owh, ., <t E
1
=5-€ n° (ele) — e“eb)%’(i’w 07
1
= 2:‘?/ ( lBuR,ﬂysu + gﬁ’yRBE - 62/R) V=g (22)

The canonical energy-momentum 2-form:

1
tae = ga'yt = 2 (9049 RBEH + Roe — gasR) vV —9g

If metric compatible, we have:

tae = GMF (23)

This canonical energy-momentum 2-form has following properties:

1. symmetric

2. coordinate independent

3. vanish when vacuum, which does not depend on the choice of the connection.
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Supplementary Derivation

Eq.(4)
a I{O’ w € 1 W SK SO € 1 RO SW €
ag“” 9% 891“’ ( O RHUJU’) T oY (56 5u5VRmuo’ - 29;“&9 O¢ Rmuo)
g € 1 RO
2rV -9 (66 6551/ Ry o — 2!]“1/9 Rno)
\/ -9 (R;w g,uu )
\/ -9 <R,u1/ g;w >
Eq.(5)
1
(V=9)y = =5V =9 9649
1
= —5V=095p(=¢"' T}, = g”"T})
1
= 5V=9(90u9" T3, + 9ovg”'T,)
1
= 5V=9 —g(8)0y, + 00T )
1
- 5@(1“% +10,)
= V-9,
Eq.(6)
oo _ V9w _ L = sy 1 - oo _ L su
= g T g V) = 5 VR0, 9 = 5 (VEee™)
—_———
(5)=T74
Eq.(7)
Evaluate aéi“% :
0L 0
KO'(sUJ €
g b
K/U (JJ a € € € €
= 5. P (Fna w an o+ inFZU Fr]JPZw)

0 are,

—\ﬁ G762 (810564, + 6,600 — 81858717, — T&,0155%)

a“u“v nwva“ko a’u’v = kw noa’k%w

= o (VTGO + Vg9 TS — VG T — V6T,
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Evaluate 8F;’? :
0% 1o} <
= - [ gnadw ;wa>
M aFHV’Y
0
= 5. V HU (:al"(x ( Ko,w Fiw o +F:IWFZO' F;JFZUJ)
vy
= V98 (LAY — 0540L67)
= ﬂ\/—g (900 — g""d,)
Eq.(9)
Evaluate ( al‘?;g ) :
vy /)y
0% ) 1
- = —[V=g(g"6] —g"5%)]
(81},/“Y - 2K Y
1
= 5. (V=99") 500 = (V=99"7) 104
1 1
(ST oW (T YY) SV
5. (V=99").a = 5-(V=99")504
Eq.(10)
0% 0
o, ) - oarg,

(V=99").a —(V=99"") 40

=—g99" 0k, +V=99" T4,

Rl Ve T v

(4) (B) ©) (D) (E) (F)
(V=99").a+vV=99"Thy, = V=99"") 106 +V—g g“c’ééfﬁg +vV=99"Ta, —V—9g g’“’F”
A (E) (B) ) (D) F)

SV 0T = | (V) T | S T, T
B)+©)
= (V990" Ta 9" Thia + 9" Tl = [F(W 9"") 5+ g Th } 8% + g T2, —g" T, + g""TY,, — g""T%,,

©)=grv . ) g T ok
Calculate (#) term:

\/%—g(\/jgg‘”)m + gmr%} - f(\ﬁgw) A A e e I

) ©)=9"7 9" Ty
_ L+ g"TE 4 ghITY 4 ghT T
Eq.(24) become
9" o+ gl + g T = (9" + T g T+ g T O+ 9T, + 9T, (25)

(#)

(24)



Eq.(12)
Starting from Eq.(11)

gl“/;a = [gp/y;'y + gM’Y T"?’Y:I 6; + gMVTng + guﬁTnVa

9" o 009" = 009" T} + ¢" T, + 9" T,
B0 0 — B3O = B30 T, 0L T, + 659 T
g, —4g"  =4g" T+ g" T + g" T,
~3gh,, =2¢" TIL
» 2
gH o _g gM’Y T'r’;lry

Substituting back into Eq.(11)

2
P = (3T T ) S T 4 T
1
— S 9T 8 T, + g T,
If trosion-free, i.e., Tg, =0, hence:

9.0 =0
is metric compatible.
On the otherhand, if metric compatible, i.e., g"”., = 0, hence:

1 v v K
0= g g#’y T1;I'y 5a + g,u T(;y'y + g,u Tnoc (26)

1
0=075 " T, o

iy O T 059" To, + 6,9 T,

4

0= 3 g7 Tv?'y + 9Ty, + g" Ty,
4 v

0= 3 g T —29""T7,

0=17,
Put back into Eq.(26):
0=0+4+0+g¢""T,,
0=17,
imply torsion-free.
Eq.(16)
R =0 Ryss
= (n"eqel) 02 (eceiHao)
e B



Eq.(19)

Similarly,

Eq.(20)

Eq.(21)

Eq.(22)

0L 0

1
ot = 9ub <%€n“6626?«%’§w0>
; cpyy
1
_ L d
- 2K€naeege;}z Db (wtjzccr,w - w{:w,a + wﬁwwaa - w({awgw)
cpyy
= goeneles (55 seorsy — of 5;5553)
= ienaeac e8I 5157 — e7e8i 518
2% a\%et % YcYw e“f% Ywlo
1
— ce LY
= %6 n“ (ehey —eley)
0L e (e —elie]) = oo
Wey 2K 0w,
0% 0 1
dwl, = Oub (%enaeege?‘%)&m)
ey
1
_ ~ _,ae w f f d d
25677 egef aCU?.,Y (waa,w - wt];w,a + WiwWao — wc]lccrwaw)
- = > o fsc d f gd g d o
= QHenaeeE e?‘) (6b 53(53&)@0 + wdwéb 6263 - 6({6(;63("]110.) - wglcaégé;é:{))
1
= goen*egey (663w, +wl 50 — o 6wt — wl,050)
_ f
=3¢ (n“‘fege‘;éb OJwe . + n“ege‘;w{wé,‘;&g - n“eege‘;tsgcﬁwgw —n*egefw
=5-¢ (n“eegezwgo + nceeZB‘}’w,{w —n*elefw, — nceege¥w£a)
L ae 1 1
_ = LY, cC = ooce v b f 1 ae y 1, T v, ,f
2H€U €eCpWay + 2/{677 eeef b %eﬂ €e€pWay 2H6nceegefwbu
1
=5-¢ ne (ele] —eley)wy, — 3¢ n°e (e’;e? - e;’e}‘) wl{u
0L 1 1
T I P e B N A ce ot f b
awg’y Wee 2K:e77 (ee € Ce eb)wap, 2K677C€ (egef - ezel;) wby:| Wee
1
_ b
= oen™ (ete] — elef) whwt, — s—en (ebe} — egel ) whwh.
_ c b  d
= Lo (ete] - def) bt — -en (ete] — el
1
_ v b d b d
- ﬂence (eleLeb - 6265) (wdewcu - wduwce)
0L b, d b d
Nigh’ Hub (wdswcu - wduwca)
(19) Y

10

f sc

bo"a

51,)



0L

t = R, - 0L
awglu‘ N €L I
1
= —en®(ele] — )%’i’w -0

2
—\/ gn°e (ele) — e'yeb) ﬂRBW —-0]Z

= *\/;7768 (etejenel — elejeqel) Ry — 0.2

= ﬂ vV—4g ﬁce (655265 6265 ?) ﬁs,u 6g$
1

= 5 V=g (N elel0 Ry, —neleldhRE.,) — 01.L
K

]' o

S5 (97 R v RS, — 005 VG R

1
= (gB”RgEH -l-g’g’yRﬁE — 5gR) %\/jg

Eq.(23)
If metric compatible, the following is valid:

ga'ngau = Ra,@‘au = _Rﬁaau = _Raﬁus = Reuaﬁ

(gmg "Rj., + Rac — gasR) %\/jg

= (¢""Ropep + Rae — gacR) %F
= (9" Rgape + Rae — gasR) 21 V=9
= (Rh,c + Roc = gae ) r

= (Rac + Rac = gacR) 5 r

= (2R~ gocR) i\/fg

1
;Gas vV —9g
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Supplementary: Vielbeins
The vielbein formalism chooses a new basis frame {é,} rather than a natural basis {0, },

O, = €,6q (27)

, where ef; is transformation called frame field (or vierbein field). Clearly, each point of frame field is an

element in GL(n,R) group. We choose the frame field statisfies:
Guv = eﬁeﬁﬁab (28)
The inverse transformation e¥:

Kol — SH pob _ sa
ehe, =0, and eje;, = oy

Define e = det(ej,), we have:

1 1
_ _ a_ b _ a b _
g = det(guv) (2—8) det(eueunab) = det(e#)det(el,)det(nab) =g-e5-¢ (-1
—e=4/—g
Recall the definition of tangent connectionI'? u
V.0, =T% 0
nlao ap¥B
We define the spin connection wgu in similar way:
Véa =wb &
u=a ap
The relation between Fgﬂ and wguz
Viba =V, (ehéa) =€ q+€iV,éq = € ,6q + ehw),é
(27)
=T%,05 =T5 ehé,
— (e’;# + egwgu — Fgue%) e, =0
— eg}u + egwgu — Fgue% =0
We can derive 3 useful formula:
b b b
Cop = e,@Fgu — €aWay (29)
B b B b
I‘g# = epeaWa, 1 €pCap (30)
b _  « b]_-wﬁ _ o b 31
wa,u = €4 6,3 ap €q ea,# ( )
Since efel, = 6, then —egeb, , = ey ,eb. The Eq.(31) can be rewritten:
WZM = eg‘e%f"gu + eg’ue};
— ezwgu = eZege%Fgu + eg)uegeg
— egwgu = ey, +el,
b
— e;’,u = eZwau - egFZm (32)

Since frame field takes value in GL group, the spin connection w® "

relation between the tangent curvature R%  and the spin curvature
are:

is gl-value 1-form. Next, we will derive the

i~ The definition of these curvature

12



K _ Tk K K TV K TV
Awo F)\a,w - 1t dw,o + Fuw Ao Fyo Aw

a _ , .a a a ,.c a ¢
‘%bwcf - wbo’,w - wbw,a + WewWhe — WeaWhe

First, we take partial derivative on Eq.(30):

K _ k. b, a k. b
Ao,w T (eae)\wba + €y e)\,a)’w

K b .a Kb a Kk, b, a K b Kb
a,wekwba + eae)\7wwbo + eaekwba,w + eb,we/\,o' + €y ek,aw
b

€
K,,C _ M7k b, .a k(b _ _c a Kk b a K,,c _ N7k bpy _ _d b kb
(ecwaw earnw) ExWho + €q (enr)\w e)\wcw) Who + eae)\wbo,w + (ec Whw €y an) (efyF,\o e)\wda) +eb e)\,aw

(32) (29) (32) (29)

Expand and rearrange:

kK _ (,k,,c b a nrKk b, a Kk, bm  a Kk, c, b  a Kk, b, a

Aow — (ecwawe)\wba - earnwe)\wba) + (eaenr)\wwbo - eaex\wcwwbo’) + eae)\wba,w
Kk, ¢ by Kk, ¢ d b nrk by Nk d, b Kk b

+ (ecwbwevr)\a — Wy CaWie — € ane'yl_‘)\a + € ane)\wda) +ep X,ow

_ k. b, c a n, b1k a Kk _bn a Kk b, .a c k. b, a
= | €crWawWbs — eae)\rnwwbo + (eaenF)\wwba - eaekw(‘,o‘wbw) + eae)\wbo‘,w

(xa) (xb)
k by c Kk b, c a K m n b1k a Kk b
+ €c e’yFAowbw — € EAWouwWhe 7]‘—‘7]&)]‘—‘)\0 + eae)\rnwwba + €p eA,aw

aw

(xa) Movietoleft (xb)
Remove (xa) and (xb), we have:
K K n o _ Kk _b1m a k b, a c k. b, a Kk by c Kk b
Ao,w + anr)\a - eaenr)\wwba —CaCAWeoWhy + eae)\wbo',w + €c e'yr)\owbw + €p e)\,ow (33)
(#a) (#b) (#c)
Similarly, swap o < w:
K K noo_ K b1y a Kk b a c k. b .a K b1 c Kk b
Aw,o + FUUF)\w - eaeﬁ'r)\a’wbw TEaCAWewWho + eaekwbw,a + €c enr)\wwbo + €p e/\,wa (34)
(#b) (#a) (#c)

Eq.(33) — Eq.(34):
+ Fgwrza - Fggrzw = ezez;\ (wl?a,w - wgw,g + wgwwgo - wgo'wlfw)

K
Awo

K Tk
Ao,w Aw,o

_ Kk, b gpa
- eae)\‘%bwa
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