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Abstract

In this article, we provide the natural derivation of symmetrical, coordinate independent canonical
energy-momentum tensor for gravitational field.

1 Introduction

The stress-energy-momentum pseudotensor is traditional method to describe the concept of energy-momentum
of gravitational field. The Landau-Lifshitz pseudotensor tµνLL is derived from the Einstein field equation
Gµν = κTµν to satisfied the conservation law (Tµν+ tµνLL),ν = 0, where Gµν is Einstein field tensor, κ = 8πG

c4 ,
and Tµν is the energy-momentum tensor of source.

tµνLL = − 1

2κ
Gµν +

1

2κ(−g)
[(−g)(gµνgαβ − gµαgνβ)],αβ

tµνLL is symmetrical but depend explicit in the Christoffel symbols (i.e., coordinate dependent and van-
ish in specific coordinate). The Dirac pseudotensor tµνD starting from the equivalent action L ∗ and de-
rived using standard Noether’s theorem derivation. The original Einstein-Hilbert action L = R

√
−g =

L [gµν , gµν,γ , g
µν
,γη] depend on the second derivative of metric tensor, where R and g are Ricci scalar and

g = det(gµν), respectively. The Ostrogradsky instability indicate the Lagrangian should not depend on
higher order derivative more than 1st order. The equivalent action

L ∗ = L − ∂µ(
√
−ggµνΓσνσ −

√
−ggσνΓµνσ)

=
√
−ggµν

(
ΓτµνΓ

σ
τσ − ΓτµσΓ

σ
τν

)
= L ∗[gµν , gµν,γ ]

have same EoM with advantage only depend on the 1st order derivative of metric tensor, which can apply
standard Noether’s theorem derivation. However, the equivalent action L ∗ lost the scalar property. Also,
the Dirac pseudotensor tµνD :

tµνD =
1

2κ(−g)

[
gµγ

(
gαβ

√
−g

)
,γ

(
Γναβ − δνβΓ

σ
ασ

)
− gµνgαβ

(
ΓραβΓ

σ
ρσ − ΓρασΓ

σ
βρ

)]
lost the symmetric property, and is coordinate dependent and vanishes in specific coordinate as tµνLL.

As we previously derive the symmetrical, gauge invariant canonical energy-momentum tensor for abelian
and non-abelian gauge field, in this article we generalize to general relativity. To reserve the scalar property
of the Lagrangian and avoid the higher-order derivatives, we will use Palatini variation for derivation the
EoM. To further apply Noether’s theorem, we will use the vielbeins technique for deriving the conservation
law. A more detailed derivation can be found in the supplementary derivation.

1



2 Derivation of Palatini variation

The Palatini variation treat metric tensor gωσ and the connection Γεκγ as independent field. The curvature
tensor Rεκωσ:

Rεκωσ = Γεκσ,ω − Γεκω,σ + ΓεγωΓ
γ
κσ − ΓεγσΓ

γ
κω (1)

and the torsion tensor Tαβγ :

Tαβγ = Γαβγ − Γαγβ = −Tαγβ (2)

In the following, we will NOT assume the connection to be torsion-free, i.e., Tαβγ ̸= 0 ↔ Γαβγ ̸= Γαγβ in
general. The Einstein-Hilbert action:

L =
1

2κ

√
−ggµνδωε R

ε
κωσ = L [gµν ,Γκµν ,Γ

κ
µν,γ ]

S =
1

2κ

∫
d4x

√
−ggκσδωϵ R

ϵ
κωσ

Here we note that the Ricci tensor Rκσ and Ricci scalar R are:

Rκσ = δωε R
ε
κωσ

and

R = gκσRκσ

, so L = 1
2κ

√
−gR. Since the metric tensor gµν and the connection Γαµν are independent field, the Lagrangian

only depend on 1st order derivative of the connection. The Palatini variation:

δS =

∫ (
∂L

∂gµν
δgµν +

∂L

∂Γαµν
δΓαµν +

∂L

∂Γαµν,γ
δΓαµν,γ

)
d4x

=

∫
∂L

∂gµν

EoM#1

δgµνd4x+

∫ [
∂L

∂Γαµν
−
(

∂L

∂Γαµν,γ

)
,γ

]
EoM#2

δΓαµνd
4x+

∫ [
∂L

∂Γαµν,γ
δΓαµν

]
,γ

d4x (3)

Two equations of motion (EoM) are

∂L

∂gµν
= 0

∂L

∂Γαµν
=

(
∂L

∂Γαµν,γ

)
,γ

3 EoM#1 - Einstein Field Equation

Since the curvature tensor do not depend on metric tensor, the first EoM:

∂L

∂gµν
=

1

2κ

√
−g

(
Rµν −

1

2
gµνR

)
= 0 (4)

Define the Einstein field tensor Gµν :

Gµν = Rµν −
1

2
gµνR

For vacuum, Gµν = 0 is the Einstein field equation in vacuum.
If the matter presents, L = LG + LM , where LG = 1

2κ

√
−gR and LM is matters. The variation gives:

∂ (LG + LM )

∂gµν
=

∂LG

∂gµν
+

∂LM

∂gµν
=

1

2κ

√
−gGµν +

∂LM

∂gµν
= 0

→ Gµν = κ

(
−2√
−g

∂LM

∂gµν

)
≡ κTµν
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4 EoM#2 Relate to The Metric Compatible Condition

To show the second EoM relates to the metric compatible condition, we will use the following relations:

1√
−g

(
√
−g),γ = Γηηγ (5)

gϕψ,γ =
1√
−g

(√
−ggϕψ

)
,γ
− gϕψΓηηγ (6)

We first calculate ∂L
∂Γα

µν
and ∂L

∂Γα
µν,γ

for later use:

∂L

∂Γαµν
=

√
−g (gκσδναΓ

µ
κσ + gµνΓωαω − gκνΓµκα − gµσΓνασ) (7)

∂L

∂Γαµν,γ
=

√
−g (gµνδγα − gµγδνα) (8)

(
∂L

∂Γαµν,γ

)
,γ

= (
√
−g gµν),α − (

√
−g gµγ),γδ

ν
α (9)

Substituting Eq.(7) and Eq.(9) into EoM(more detail derivation, see supplement Eq.(10) below):

(
√
−g gµν),α − (

√
−g gµγ),γδ

ν
α(

∂L
∂Γα

µν,γ

)
,γ

=
√
−g gκσδναΓ

µ
κσ +

√
−g gµνΓωαω −

√
−g gκνΓµκα −

√
−g gµσΓνασ

∂L
∂Γα

µν

gµν,α + gκνΓµκα + gµκΓνκα =
[
gµγ,γ + gκσΓµκσ+gµηΓγηγ + gµγ T ηηγ

]
δνα + gµνT γαγ + gµκT νκα (10)

Define the ”covariant derivative”

gµν ;α = gµν,α + gκνΓµκα + gµκΓνκα

Eq.(10) becomes to

gµν ;α =
(
gµγ ;γ + gµγ T ηηγ

)
δνα + gµνT γαγ + gµκT νκα (11)

After some calculation (more detail derivation, see supplement Eq.(12) below), we arrive

gµν ;α =
1

3
gµγ T ηηγ δ

ν
α + gµνT γαγ + gµκT νκα (12)

Eq.(12) indicate that:

Torsion-free then metric compatible Metric compatible then torsion-free
If torsion-free: Tαβγ = 0, then gµν ;α = 0 If Metric compatible: gµν ;α = 0, then Tαβγ = 0

Table 1: Comparison of Torsion-free and Metric Compatibility Conditions

If torsion-free, then

gµν ;α = gµν,α + gκνΓµκα + gµκΓνκα = 0

is the metric compatible condition.
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5 Vielbeins Formalism

In previous tutorials, the variation of the Lie-algebra value gauge 1-form (gauge connection) B on principal
bundle is :

∆B = δB+ L̂δxB (13)

In local coordinate p → {xµ}, the expressions of B is

B(p) → Ba
µ(x

γ)T̂a

, where T̂a is the generator of Lie algebra. For a given Lie algebra representation:

T̂a →
(
T̂a

)b
c

We define the notation:

B̂b
cµ ≡ Ba

µ

(
T̂a

)b
c

. The curvature tensor:

G ≡ dB+ [B ∧B] → Ĝa
bµν = B̂a

bν,µ − B̂a
bµ,ν + B̂a

cµB̂
c
bν − B̂a

cνB̂
c
bµ (14)

Eq.(13) in local coordinate with Lie algebra representation is:

∆B̂b
cµ = δB̂b

cµ + δxν∂νB̂
b
cµ + B̂b

cµ∂µδx
ν︸ ︷︷ ︸

L̂δxB

(15)

However, the connection on tangent bunble is more subtle. The curvature on tangent bundle is Eq.(1):

Rεκωσ = Γεκσ,ω − Γεκω,σ + ΓεγωΓ
γ
κσ − ΓεγσΓ

γ
κω (1)

The principal curvature Eq.(14) is Lie-algebra value 2-form. In contrast, the tangent bundle curvature takes
value in tangent vector. If we directly apply Lie derivative on tangent connection:(

L̂δxΓ
)α
µν

= δxϵΓαµν,ϵ + Γαµϵδx
ϵ
,ν + δxα,µν − Γϵµνδx

α
,ϵ + Γαϵνδx

ϵ
,µ

due to tangent vector value

We can use Vielbeins formalism. In the vielbeins formalism, the tangent connection Γεκσ becomes the
spin connection ωabσ in the frame bundle, which is gl-value 1-form. From the tangent formalism {∂µ} to the
vielbeins formalism {êa}, define the transformation eµa such that(more detail can be found in Supplementary:
Vielbeins):

∂µ = eaµêa

gµν = eaµe
b
νηab

eµae
a
ν = δµν and eµae

b
µ = δab

The spin conncection:

ωabσ = eaεe
κ
bΓ

ε
κσ + eaµe

µ
b,σ

The frame bundle curvature Ra
bωσ is

Ra
bωσ = ωabσ,ω − ωabω,σ + ωacωω

c
bσ − ωacσω

c
bω

= eaεe
κ
bR

ε
κωσ
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With this preparation, the Hilbert-Einstein action becomes as follows:

S =
1

2κ

∫
d4x

√
−ggκσδωε R

ε
κωσ =

1

2κ

∫
d4x ηaeeσe e

ω
c Rc

aωσ (16)

, where e = det(eaµ) =
√
−g.

The variation is similar to Eq.(3):

δS =

∫ (
∂L

∂eµa
δeµa +

∂L

∂ωbcµ
δωbcµ +

∂L

∂ωbcµ,γ
δωbcµ,γ

)
d4x

=

∫
∂L

∂eµa
EoM#3

δeµad
4x+

∫ [
∂L

∂ωbcµ
−

(
∂L

∂ωbcµ,γ

)
,γ

]
EoM#4

δωbcµd
4x+

∫ [
∂L

∂ωbcµ,γ
δωbcµ

]
,γ

d4x (17)

Since gµν = ηabe
a
µe
b
ν , the variation δgµν = 2 ηabe

a
µδe

b
ν , the EoM#3 is similar to EoM#1. EoM#4 is also

similar to EoM#2. Now, we apply the Noether variation:

∆S =

∫
[EoM ] d4x+

∫ [
∂γ

(
∂L

∂ωbcµ,γ
δωbcµ

)
+ (L δxγ),γ

]
d4x

The spin connection ωbcµ is gl-value 1-form, we apply similar variation as Eq.(15):

∆ωbcµ = δωbcµ + δxε∂εω
b
cµ + ωbcε∂µδx

ε︸ ︷︷ ︸
L̂δxω

(18)

We have:

∆S =

∫
[EoM ] d4x+

∫ [
∂γ

(
∂L

∂ωbcµ,γ

(
∆ωbcµ − δxε∂εω

b
cµ − ωbcε∂µδx

ε
))

+ (L δxγ),γ

]
d4x

=

∫
[EoM ] d4x+

∫
∂γ
(∗)

 ∂L

∂ωbcµ,γ
∆ωbcµ −

 ∂L

∂ωbcµ,γ
ωbcµ,εδx

ε +
∂L

∂ωbcµ,γ
ωbcεδx

ε
,µ

(∗)

−δγεL δxε


 d4x

Evaluate the (∗) term:

∂γ

[
∂L

∂ωbcµ,γ
ωbcεδx

ε
,µ

]
(∗)

= ∂γ

[
∂L

∂ωbcµ,γ
ωbcεδx

ε

]
,µ

(∗1)

− ∂γ

[(
∂L

∂ωbcµ,γ

)
,µ

ωbcεδx
ε

]
(∗2)

− ∂γ

[
∂L

∂ωbcµ,γ
ωbcε,µδx

ε

]
(∗3)

We first calculate ∂L
∂ωb

cµ,γ
for later use:

∂L

∂ωbcµ,γ
=

1

2κ
e ηce (eµe e

γ
b − eγee

µ
b )

(
= − ∂L

∂ωbcγ,µ

)
(19)

The (∗1) term:

∂γ

[
∂L

∂ωbcµ,γ
ωbcεδx

ε

]
,µ

(∗1)

=

 1

2κ
e ηce (eµe e

γ
b − eγee

µ
b )

(19)

ωbcεδx
ε


,µγ

= 0

The (∗2) term rely on EoM#4, using

− ∂γ

[(
∂L

∂ωbcµ,γ

)
,µ

ωbcεδx
ε

]
(∗2)

=︸︷︷︸
(19)

−∂γ

[(
− ∂L

∂ωbcγ,µ

)
,µ

ωbcεδx
ε

]
=︸︷︷︸

EoM#4

∂γ

(
∂L

∂ωbcγ
ωbcεδx

ε

)
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and

∂L

∂ωbcγ
=

1

2κ
e ηae (eγee

µ
b − eµe e

γ
b )ω

c
aµ +

1

2κ
e ηce

(
eµe e

γ
f − eγee

µ
f

)
ωfbµ (20)

We can calulate

∂L

∂ωbcγ
ωbcε =

∂L

∂ωbcµ,γ

(
ωbdεω

d
cµ − ωbdµω

d
cε

)
(21)

The (∗) term than become:

∂γ

[
∂L

∂ωbcµ,γ
ωbcεδx

ε
,µ

]
(∗)

= 0
(∗1)

− ∂γ

[
∂L

∂ωbcµ,γ
ωbcε,µδx

ε

]
(∗3)

+ ∂γ

[
∂L

∂ωbcµ,γ

(
ωbdεω

d
cµ − ωbdµω

d
cε

)
δxε

]
(∗2)

We have:

∆S =

∫
[EoM ] d4x+

∫
∂γ

 ∂L

∂ωbcµ,γ
∆ωbcµ −

 ∂L

∂ωbcµ,γ
ωbcµ,εδx

ε − ∂L

∂ωbcµ,γ
ωbcε,µδx

ε

(∗3)

+
∂L

∂ωbcµ,γ

(
ωbdεω

d
cµ − ωbdµω

d
cε

)
δxε

(∗2)

−δγεL δxε


 d4x

=

∫
[EoM ] d4x+

∫
∂γ

[
∂L

∂ωbcµ,γ
∆ωbcµ −

(
∂L

∂ωbcµ,γ

(
ωbcµ,ε − ωbcε,µ + ωbdεω

d
cµ − ωbdµω

d
cε

)
δxε − δγεL δxε

)]
d4x

=

∫
[EoM ] d4x+

∫
∂γ

[
∂L

∂ωbcµ,γ
∆ωbcµ −

(
∂L

∂ωbcµ,γ
Rb
cεµ − δγεL

)
δxε

]
d4x

The canonical energy-momentum tensor:

tγε =
∂L

∂ωbcµ,γ
Rb
cεµ − δγεL

=
1

2κ
e ηce (eγee

µ
b − eµe e

γ
b )Rb

cεµ − δγεL

=
1

2κ

(
gβµRγβεµ + gβγRβε − δγεR

)√
−g (22)

The canonical energy-momentum 2-form:

tαε = gαγt
γ
ε =

1

2κ

(
gαγg

βµRγβεµ +Rαε − gαεR
)√

−g

If metric compatible, we have:

tαε =
1

κ
Gαε

√
−g (23)

This canonical energy-momentum 2-form has following properties:
1. symmetric
2. coordinate independent
3. vanish when vacuum, which does not depend on the choice of the connection.
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Supplementary Derivation

Eq.(4)

∂L

∂gµν
=

1

2κ

∂

∂gµν
(√

−ggκσδωϵ R
ϵ
κωσ

)
=

1

2κ

√
−g

(
δωϵ δ

κ
µδ
σ
νR

ϵ
κωσ − 1

2
gµνg

κσδωϵ R
ϵ
κωσ

)
=

1

2κ

√
−g

(
δωϵ δ

κ
µδ
σ
νR

ϵ
κωσ − 1

2
gµνg

κσRκσ

)
=

1

2κ

√
−g

(
Rµν −

1

2
gµνR

)
=

1

2κ

√
−g

(
Rµν −

1

2
gµνR

)
Eq.(5)

(
√
−g),γ = −1

2

√
−g gϕψg

ϕψ
,γ

= −1

2

√
−g gϕψ(−gηψΓϕηγ − gϕηΓψηγ)

=
1

2

√
−g(gϕψg

ηψΓϕηγ + gϕψg
ϕηΓψηγ)

=
1

2

√
−g(δηϕΓ

ϕ
ηγ + δηψΓ

ψ
ηγ)

=
1

2

√
−g(Γηηγ + Γηηγ)

=
√
−gΓηηγ

Eq.(6)

gϕψ,γ =

√
−g√
−g

gϕψ,γ =
1√
−g

(√
−ggϕψ

)
,γ
− 1√

−g

(√
−g

)
,γ︸ ︷︷ ︸

(5)=Γη
ηγ

gϕψ =
1√
−g

(√
−ggϕψ

)
,γ
− gϕψΓηηγ

Eq.(7)
Evaluate ∂L

∂Γα
µν
:

∂L

∂Γαµν
=

∂

∂Γαµν

(
1

2κ

√
−g gκσδωϵ R

ϵ
κωσ

)
=

1

2κ

√
−g gκσδωϵ

∂

∂Γαµν

(
Γϵκσ,ω − Γϵκω,σ + ΓϵηωΓ

η
κσ − ΓϵησΓ

η
κω

)
=

1

2κ

√
−g gκσδωϵ

(
δηαδ

ϵ
µδ
ω
ν Γ

η
κσ + Γϵηωδ

η
αδ
µ
κδ
ν
σ − δηαδ

ϵ
µδ
σ
νΓ

η
κω − Γϵησδ

η
αδ
µ
κδ
ν
ω

)
=

1

2κ

(√
−g gκσδναΓ

µ
κσ +

√
−g gµνΓωαω −

√
−g gκνΓµκα −

√
−g gµσΓνασ

)
Eq.(8)
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Evaluate ∂L
∂Γα

µν,γ
:

∂L

∂Γαµν,γ
=

∂

∂Γαµν,γ

(
1

2κ

√
−g gκσδωϵ R

ϵ
κωσ

)
=

1

2κ

√
−g gκσδωϵ

∂

∂Γαµν,γ

(
Γϵκσ,ω − Γϵκω,σ + ΓϵηωΓ

η
κσ − ΓϵησΓ

η
κω

)
=

1

2κ

√
−g gκσδωϵ (δϵαδ

µ
κδ
ν
σδ
γ
ω − δϵαδ

µ
κδ
ν
ωδ

γ
σ)

=
1

2κ

√
−g (gµνδγα − gµγδνα)

Eq.(9)

Evaluate
(

∂L
∂Γα

µν,γ

)
,γ
:

(
∂L

∂Γαµν,γ

)
,γ

=
1

2κ

[√
−g (gµνδγα − gµγδνα)

]
,γ

=
1

2κ
(
√
−g gµν),γδ

γ
α − (

√
−g gµγ),γδ

ν
α

=
1

2κ
(
√
−g gµν),α − 1

2κ
(
√
−g gµγ),γδ

ν
α

Eq.(10)

(
∂L

∂Γαµν,γ

)
,γ

=
∂L

∂Γαµν

(
√
−g gµν),α

(A)

− (
√
−g gµγ),γδ

ν
α

(B)

=
√
−g gκσδναΓ

µ
κσ

(C)

+
√
−g gµνΓωαω

(D)

−
√
−g gκνΓµκα

(E)

−
√
−g gµσΓνασ

(F )

(
√
−g gµν),α

(A)

+
√
−g gκνΓµκα

(E)

= (
√
−g gµγ),γδ

ν
α

(B)

+
√
−g gκσδναΓ

µ
κσ

(C)

+
√
−g gµνΓωαω

(D)

−
√
−g gµσΓνασ

(F )

1√
−g

(
√
−g gµν),α + gκνΓµκα =

[
1√
−g

(
√
−g gµγ),γ + gκσΓµκσ

]
(B)+(C)

δνα + gµνΓγαγ − gµκΓνακ

1√
−g

(
√
−g gµν),α−gµνΓγγα︸ ︷︷ ︸
(6)=gµν

,α

+gκνΓµκα + gµκΓνκα =

[
1√
−g

(
√
−g gµγ),γ + gηγΓµηγ

]
︸ ︷︷ ︸

(#)

δνα + gµνΓγαγ−gµνΓγγα︸ ︷︷ ︸
gµνTγ

αγ

+ gµκΓνκα − gµκΓνακ︸ ︷︷ ︸
gµκT ν

κα

(24)

Calculate (#) term:[
1√
−g

(
√
−g gµγ),γ + gηγΓµηγ

]
︸ ︷︷ ︸

(#)

=
1√
−g

(
√
−g gµγ),γ−gµγΓηηγ︸ ︷︷ ︸
(6)=gµγ

,γ

+gηγΓµηγ+gµηΓγηγ+ gµγΓηηγ−gµηΓγηγ︸ ︷︷ ︸
gµγ Tη

ηγ

= gµγ,γ + gηγΓµηγ+gµηΓγηγ + gµγ T ηηγ

Eq.(24) become

gµν,α + gκνΓµκα + gµκΓνκα =
[
gµγ,γ + gκσΓµκσ+gµηΓγηγ + gµγ T ηηγ

]︸ ︷︷ ︸
(#)

δνα + gµνT γαγ + gµκT νκα (25)
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Eq.(12)
Starting from Eq.(11)

gµν ;α =
[
gµγ ;γ + gµγ T ηηγ

]
δνα + gµνT γαγ + gµκT νκα

gµν ;α − δναg
µγ

;γ = δναg
µγ T ηηγ + gµνT γαγ + gµκT νκα

δαν g
µν

;α − δαν δ
ν
αg

µγ
;γ = δαν δ

ν
αg

µγ T ηηγ + δαν g
µνT γαγ + δαν g

µκT νκα

gµν ;ν − 4 gµγ ;γ = 4 gµγ T ηηγ + gµνT γνγ + gµκT νκν

−3gµν ;ν = 2 gµγ T ηηγ

gµν ;ν = −2

3
gµγ T ηηγ

Substituting back into Eq.(11)

gµν ;α =

(
−2

3
gµγ T ηηγ + gµγ T ηηγ

)
δνα + gµνT γαγ + gµκT νκα

=
1

3
gµγ T ηηγ δ

ν
α + gµνT γαγ + gµκT νκα

If trosion-free, i.e., Tαβγ = 0, hence:

gµν ;α = 0

is metric compatible.
On the otherhand, if metric compatible, i.e., gµν ;α = 0, hence:

0 =
1

3
gµγ T ηηγ δ

ν
α + gµνT γαγ + gµκT νκα (26)

0 = δαν
1

3
gµγ T ηηγ δ

ν
α + δαν g

µνT γαγ + δαν g
µκT νκα

0 =
4

3
gµγ T ηηγ + gµνT γνγ + gµκT νκν

0 =
4

3
gµγ T ηηγ − 2gµνT γγν

0 = T νκν

Put back into Eq.(26):

0 = 0 + 0 + gµκT νκα

0 = T νκα

imply torsion-free.

Eq.(16)

R = gκσδωϵ R
ε
κωσ

=
(
ηdeeκde

σ
e

)
δωε (eεce

a
κR

c
aωσ)

= ηaeeσe e
ω
c Rc

aωσ

9



Eq.(19)

∂L

∂ωbcµ,γ
=

∂

∂ωbcµ,γ

(
1

2κ
e ηaeeσe e

ω
fRf

aωσ

)
=

1

2κ
e ηaeeσe e

ω
f

∂

∂ωbcµ,γ

(
ωfaσ,ω − ωfaω,σ + ωfdωω

d
aσ − ωfdσω

d
aω

)
=

1

2κ
e ηaeeσe e

ω
f

(
δfb δ

c
aδ
µ
σδ
γ
ω − δfb δ

c
aδ
µ
ωδ

γ
σ

)
=

1

2κ
e ηaeδca

(
eσe e

ω
f δ

f
b δ
µ
σδ
γ
ω − eσe e

ω
f δ

f
b δ
µ
ωδ

γ
σ

)
=

1

2κ
e ηce (eµe e

γ
b − eγee

µ
b )

Similarly,

∂L

∂ωbcγ,µ
=

1

2κ
e ηce (eγee

µ
b − eµe e

γ
b ) = − ∂L

∂ωbcµ,γ

Eq.(20)

∂L

∂ωbcγ
=

∂

∂ωbcγ

(
1

2κ
e ηaeeσe e

ω
fRf

aωσ

)
=

1

2κ
e ηaeeσe e

ω
f

∂

∂ωbcγ

(
ωfaσ,ω − ωfaω,σ + ωfdωω

d
aσ − ωfdσω

d
aω

)
=

1

2κ
e ηaeeσe e

ω
f

(
δfb δ

c
dδ
γ
ωω

d
aσ + ωfdωδ

d
b δ
c
aδ
γ
σ − δfb δ

c
dδ
γ
σω

d
aω − ωfdσδ

d
b δ
c
aδ
γ
ω

)
=

1

2κ
e ηaeeσe e

ω
f

(
δfb δ

γ
ωω

c
aσ + ωfbωδ

c
aδ
γ
σ − δfb δ

γ
σω

c
aω − ωfbσδ

c
aδ
γ
ω

)
=

1

2κ
e
(
ηaeeσe e

ω
f δ

f
b δ
γ
ωω

c
aσ + ηaeeσe e

ω
f ω

f
bωδ

c
aδ
γ
σ − ηaeeσe e

ω
f δ

f
b δ
γ
σω

c
aω − ηaeeσe e

ω
f ω

f
bσδ

c
aδ
γ
ω

)
=

1

2κ
e
(
ηaeeσe e

γ
bω

c
aσ + ηceeγee

ω
f ω

f
bω − ηaeeγee

ω
b ω

c
aω − ηceeσe e

γ
fω

f
bσ

)
=

1

2κ
e ηaeeµe e

γ
bω

c
aµ +

1

2κ
e ηceeγee

µ
fω

f
bµ − 1

2κ
e ηaeeγee

µ
bω

c
aµ − 1

2κ
e ηceeµe e

γ
fω

f
bµ

=
1

2κ
e ηae (eµe e

γ
b − eγee

µ
b )ω

c
aµ − 1

2κ
e ηce

(
eµe e

γ
f − eγee

µ
f

)
ωfbµ

Eq.(21)

∂L

∂ωbcγ
ωbcε =

[
1

2κ
e ηae (eµe e

γ
b − eγee

µ
b )ω

c
aµ − 1

2κ
e ηce

(
eµe e

γ
f − eγee

µ
f

)
ωfbµ

]
ωbcε

=
1

2κ
e ηae (eµe e

γ
b − eγee

µ
b )ω

b
cεω

c
aµ − 1

2κ
e ηce

(
eµe e

γ
f − eγee

µ
f

)
ωfbµω

b
cε

=
1

2κ
e ηce (eµe e

γ
b − eγee

µ
b )ω

b
dεω

d
cµ − 1

2κ
e ηce (eµe e

γ
b − eγee

µ
b )ω

b
dµω

d
cε

=
1

2κ
e ηce (eµe e

γ
b − eγee

µ
b )

(
ωbdεω

d
cµ − ωbdµω

d
cε

)
=︸︷︷︸
(19)

∂L

∂ωbcµ,γ

(
ωbdεω

d
cµ − ωbdµω

d
cε

)
Eq.(22)
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tγε =
∂L

∂ωbcµ,γ
Rb
cεµ − δγεL

=
1

2κ
e ηce (eµe e

γ
b − eγee

µ
b )Rb

cεµ − δγεL

=
1

2κ

√
−g ηce (eµe e

γ
b − eγee

µ
b ) e

b
αe
β
cR

α
βεµ − δγεL

=
1

2κ

√
−g ηce

(
eµe e

γ
b e
b
αe
β
c − eγee

µ
b e
b
αe
β
c

)
Rαβεµ − δγεL

=
1

2κ

√
−g ηce

(
eµe δ

γ
αe
β
c − eγe δ

µ
αe
β
c

)
Rαβεµ − δγεL

=
1

2κ

√
−g

(
ηceeµe e

β
c δ
γ
αR

α
βεµ − ηceeγee

β
c δ
µ
αR

α
βεµ

)
− δγεL

=
1

2κ

√
−g

(
gβµRγβεµ+gβγδµαR

α
βµε

)
− δγε

1

2κ

√
−g R

=
(
gβµRγβεµ + gβγRβε − δγεR

) 1

2κ

√
−g

Eq.(23)
If metric compatible, the following is valid:

gαγR
γ
βεµ = Rαβεµ = −Rβαεµ = −Rαβµε = Rεµαβ

tαε =
(
gαγg

βµRγβεµ +Rαε − gαεR
) 1

2κ

√
−g

=
(
gβµRαβεµ +Rαε − gαεR

) 1

2κ

√
−g

=
(
gβµRβαµε +Rαε − gαεR

) 1

2κ

√
−g

=
(
Rµαµε +Rαε − gαεR

) 1

2κ

√
−g

= (Rαε +Rαε − gαεR)
1

2κ

√
−g

= (2Rαε − gαεR)
1

2κ

√
−g

=
1

κ
Gαε

√
−g
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Supplementary: Vielbeins

The vielbein formalism chooses a new basis frame {êa} rather than a natural basis {∂α},

∂µ = eaµêa (27)

, where eaµ is transformation called frame field (or vierbein field). Clearly, each point of frame field is an
element in GL(n,R) group. We choose the frame field statisfies:

gµν = eaµe
b
νηab (28)

The inverse transformation eµa :

eµae
a
ν = δµν and eµae

b
µ = δab

Define e = det(eaµ), we have:

g = det(gµν) =︸︷︷︸
(28)

det(eaµe
b
νηab) = det(eaµ)det(e

b
ν)det(ηab) =

1

2κ
e

1

2κ
e (−1)

→ e =
√
−g

Recall the definition of tangent connectionΓβαµ:

∇µ∂α = Γβαµ∂β

We define the spin connection ωbaµ in similar way:

∇µêa = ωbaµêb

The relation between Γβαµ and ωbaµ:

∇µ∂α =︸︷︷︸
(27)

∇µ (e
a
αêa) = eaα,µêa + eaα∇µêa = eaα,µêa + eaαω

b
aµêb

= Γβαµ∂β = Γβαµe
b
β êb

→
(
ebα,µ + eaαω

b
aµ − Γβαµe

b
β

)
êb = 0

→ ebα,µ + eaαω
b
aµ − Γβαµe

b
β = 0

We can derive 3 useful formula:

ebα,µ = ebβΓ
β
αµ − eaαω

b
aµ (29)

Γβαµ = eβb e
a
αω

b
aµ + eβb e

b
α,µ (30)

ωbaµ = eαae
b
βΓ

β
αµ − eαae

b
α,µ (31)

Since eαae
b
α = δba, then −eαae

b
α,µ = eαa,µe

b
α. The Eq.(31) can be rewritten:

ωbaµ = eαae
b
βΓ

β
αµ + eαa,µe

b
α

→ eγbω
b
aµ = eγb e

α
ae
b
βΓ

β
αµ + eαa,µe

b
αe
γ
b

→ eγbω
b
aµ = eαaΓ

γ
αµ + eγa,µ

→ eγa,µ = eγbω
b
aµ − eαaΓ

γ
αµ (32)

Since frame field takes value in GL group, the spin connection ωbaµ is gl-value 1-form. Next, we will derive the
relation between the tangent curvature Rκλωσ and the spin curvature Ra

bωσ. The definition of these curvature
are:
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Rκλωσ = Γκλσ,ω − Γκλω,σ + ΓκνωΓ
ν
λσ − ΓκνσΓ

ν
λω

Ra
bωσ = ωabσ,ω − ωabω,σ + ωacωω

c
bσ − ωacσω

c
bω

First, we take partial derivative on Eq.(30):

Γκλσ,ω =
(
eκae

b
λω

a
bσ + eκb e

b
λ,σ

)
,ω

= eκa,ωe
b
λω

a
bσ + eκae

b
λ,ωω

a
bσ + eκae

b
λω

a
bσ,ω + eκb,ωe

b
λ,σ + eκb e

b
λ,σω

=
(
eκcω

c
aω − eηaΓ

κ
ηω

)︸ ︷︷ ︸
(32)

ebλω
a
bσ + eκa

(
ebηΓ

η
λω − ecλω

b
cω

)︸ ︷︷ ︸
(29)

ωabσ + eκae
b
λω

a
bσ,ω +

(
eκcω

c
bω − eηbΓ

κ
ηω

)︸ ︷︷ ︸
(32)

(
ebγΓ

γ
λσ − edλω

b
dσ

)︸ ︷︷ ︸
(29)

+eκb e
b
λ,σω

Expand and rearrange:

Γκλσ,ω =
(
eκcω

c
aωe

b
λω

a
bσ − eηaΓ

κ
ηωe

b
λω

a
bσ

)
+
(
eκae

b
ηΓ

η
λωω

a
bσ − eκae

c
λω

b
cωω

a
bσ

)
+ eκae

b
λω

a
bσ,ω

+
(
eκcω

c
bωe

b
γΓ

γ
λσ − eκcω

c
bωe

d
λω

b
dσ − eηbΓ

κ
ηωe

b
γΓ

γ
λσ + eηbΓ

κ
ηωe

d
λω

b
dσ

)
+ eκb e

b
λ,σω

=

eκc e
b
λω

c
aωω

a
bσ

(∗a)
− eηae

b
λΓ

κ
ηωω

a
bσ

(∗b)

+
(
eκae

b
ηΓ

η
λωω

a
bσ − eκae

b
λω

a
cσω

c
bω

)
+ eκae

b
λω

a
bσ,ω

+

eκc e
b
γΓ

γ
λσω

c
bω − eκc e

b
λω

c
aωω

a
bσ

(∗a)
−ΓκηωΓ

η
λσ

Mov 1
2κ e to left

+ eηae
b
λΓ

κ
ηωω

a
bσ

(∗b)

+ eκb e
b
λ,σω

Remove (∗a) and (∗b), we have:

Γκλσ,ω + ΓκηωΓ
η
λσ =

eκae
b
ηΓ

η
λωω

a
bσ

(#a)

−eκae
b
λω

a
cσω

c
bω

+ eκae
b
λω

a
bσ,ω +

eκc e
b
γΓ

γ
λσω

c
bω

(#b)

+ eκb e
b
λ,σω

(#c)

(33)

Similarly, swap σ ⇔ ω:

Γκλω,σ + ΓκησΓ
η
λω =

eκae
b
γΓ

γ
λσω

a
bω

(#b)

−eκae
b
λω

a
cωω

c
bσ

+ eκae
b
λω

a
bω,σ +

eκc e
b
ηΓ

η
λωω

c
bσ

(#a)

+ eκb e
b
λ,ωσ

(#c)

(34)

Eq.(33) − Eq.(34):

Γκλσ,ω − Γκλω,σ + ΓκηωΓ
η
λσ − ΓκησΓ

η
λω = eκae

b
λ

(
ωabσ,ω − ωabω,σ + ωacωω

c
bσ − ωacσω

c
bω

)
Rκλωσ = eκae

b
λR

a
bωσ
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