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Abstract

In this article, we provide the natural derivation of symmetrical, gauge-invariant canonical energy-
momentum tensor for non-abelian gauge field, i.e., the Yang-Mills theory.

Introduction

As we previously derive the symmetrical, gauge invariant canonical energy-momentum tensor for abelian
gauge field [1], in this article we generalize to non-abelian gauge field. A more detailed derivation can be
found in the supplementary derivation.

Derivation

We denote p is a point in spacetime, B(p) as Lie algebra valued gauge potential 1-form of the Yang-Mills
field, and the field strength is G ≡ dB + [B ∧ B]. We will discuss the effect of the variation on gauge
potential and the spacetime variation. We denote the variation on gauge potential, B → B̃ = B+ δB, and
the spacetime variation drag by a vector field δx denote as:

p → p̃ = fδx(p)

The total variation of gauge 1-form is

∆B = B̃(p̃)−B(p) = δB+ L̂δxB

In local coordinate p → {xµ}, the expressions are

B(p) → Ba
µ(x

γ)T̂a

where T̂a is the generator of Lie algebra. The field strength in local coordinate

G → Gµν = T̂a∂µB
a
ν − T̂a∂νB

a
µ + iλ[Ba

µT̂a, B
b
ν T̂b]

= T̂a

(
F a
µν − λfa

bcB
b
µB

c
ν

)
(1)

where
[T̂a, T̂b] = if c

abT̂c

and
Ga

µν = F a
µν − λf c

abB
a
µB

B
ν

. f c
ab is the stgructure constant of Lie algebra. The local coordinate representation of variations are

p → xν = xν + δxν
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∆Ba
µ = δBa

µ + ∂νB
a
µδx

ν +Ba
ν∂µδx

ν

The Lagrangian L of Yang-Mills field is

L = Tr

(
− 1

16πc
gµαgνβGµνGαβ

√
−g

)
= − 1

16πc
Kabg

µαgνβGa
µνG

b
αβ

√
−g (2)

Here, we denote the Killing form/metric as

Kab = Tr(f c
adf

d
be) = f c

adf
d
bc

The action S

S =

∫
d4xL [Ba

ν (x
γ), Ba

ν,µ(x
γ), xγ ]

We derive the equation of motion (EoM) and the Noether theorem follow the standard procedure [1]. The
variation of action ∆S divides into two terms:

∆S =

∫
∆d4x ∗ L +

∫
d4x ∗∆L

The first term is the variation of the volume form, which is

∆d4x = ∂γδx
γ · d4x

The second term is the variation of L

∆L = L [B̃a
ν (x̃

γ), B̃a
ν,µ(x̃

γ), x̃γ ]− L [Ba
ν (x

γ), Ba
ν,µ(x

γ), xγ ]

=

[
∂L

∂Ba
ν

δBa
ν +

∂L

∂(∂µBa
ν )

δ(∂µB
a
ν )

]
(xγ) + [L,γδx

γ ] (xγ) +O(δ2) (3)

Hence the ∆S is

∆S =

∫ [
∂L

∂Ba
ν

− ∂µ

(
∂L

∂(∂µBa
ν )

)]
δBa

νd
4x+

∫ [
∂µ

(
∂L

∂(∂µBa
ν )

δBa
ν

)
+ (L δxγ),γ

]
d4x (4)

The EoM is
∂L

∂Ba
ν

− ∂µ

(
∂L

∂(∂µBa
ν )

)
= 0

Using δBa
ν = ∆Ba

ν −Ba
ν,γδx

γ −Ba
γδx

γ
,ν :

∆S =

∫
{EoM}δBa

νd
4x+

∫
∂µ

[
∂L

∂(∂µBa
ν )

(∆Ba
ν −Ba

ν,γδx
γ −Ba

γδx
γ
,ν) + δµγL δxγ

]
d4x

=

∫
{EoM}δBa

νd
4x+

∫
∂µ
(∗)

 ∂L

∂(∂µBa
ν )

∆Ba
ν −

 ∂L

∂(∂µBa
ν )

Ba
ν,γδx

γ +
∂L

∂(∂µBa
ν )

Ba
γδx

γ
,ν

(∗)

−δµγL δxγ


 d4x

Evaluate the (∗) term:

∂µ

[
∂L

∂(∂µBa
ν )

Ba
γδx

γ
,ν

]
(∗)

=

[
∂L

∂(∂µBa
ν )

Ba
γδx

γ

]
,νµ

(∗1)

−∂µ

( ∂L

∂(∂µBa
ν )

)
,ν

Ba
γδx

γ

(∗2)

− ∂µ

 ∂L

∂(∂µBa
ν )

Ba
γ,νδx

γ

(∗3)

 (5)

We first calculate ∂L
∂(∂µBa

ν )
for later use:

∂L

∂(∂µBa
ν )

= − 1

4πc
Kabg

αµgβνGb
αβ

√
−g
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The (∗1) term term:(
∂L

∂(∂µBa
ν )

Ba
γδx

γ

)
,νµ

=

(
− 1

4πc
Kabg

αµgβνGb
αβ

√
−gBa

γδx
γ

)
,νµ

= 0 (6)

due to the antisymmetric of Fµν and the symmetric of second order derivative {,νµ}.

The (∗2) term is: (
∂L

∂(∂µBa
ν )

)
,ν

Ba
γδx

γ

(∗2)

=
∂L

∂(∂µBa
ν )

(
λfa

bnB
n
νB

b
γδx

γ
)

(7)

We now have:
Hence (∗) becomes:

∂µ

[
∂L

∂(∂µBa
ν )

Ba
γδx

γ
,ν

]
(∗)

= −∂µ

 ∂L

∂(∂µBa
ν )

λfa
bnB

b
γB

n
ν δx

γ

(∗2)

− ∂µ

 ∂L

∂(∂µBa
ν )

Ba
γ,νδx

γ

(∗3)



∆S =

∫
{EoM}δBa

ν d
4x+

∫
∂µ

 ∂L

∂(∂µBa
ν )

∆Ba
ν − ∂L

∂(∂µBa
ν )

Ba
ν,γ −Ba

γ,ν

(∗3)

−λfa
bnB

b
γB

n
ν

(∗2)

 δxγ + δµγL δxγ

 d4x

=

∫
{EoM}δBa

ν d
4x+

∫
∂µ

[
∂L

∂(∂µBa
ν )

∆Ba
ν −

(
∂L

∂(∂µBa
ν )

Ga
γν − δµγL

)
δxγ

]
d4x

Hence we have

Tµ
γ =

∂L

∂(∂µBa
ν )

Ga
γν − δµγL

=

(
− 1

4πc
Kabg

αµgβνGb
αβ

√
−g

)
Ga

γν − δµγ

(
− 1

16πc
Kabg

µαgνβGa
µνG

b
αβ

√
−g

)
= − 1

4πc
Gµν

a Ga
γν

√
−g + δµγ

1

16πc
Gαβ

a Ga
αβ

√
−g

Summary

The natural symmetrical, gauge-invariant canonical energy-momentum tensor for the non-abelian gauge field
is derived. This derivation does not depend on flat spacetime geometry, hence is background independent.
This method has potential to cover general relativity.
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Supplementary Derivation

Eq.(1)
The derivation of Eq.(1)

G → Gµν = T̂a∂µB
a
ν − T̂a∂νB

a
µ + iλ[Ba

µT̂a, B
b
ν T̂b]

= T̂a∂µB
a
ν − T̂a∂νB

a
µ + iλBa

µB
b
ν [T̂a, T̂b]

= T̂a

(
∂µB

a
ν − ∂νB

a
µ − λfa

bcB
b
µB

c
ν

)
= T̂a

(
F a
µν − λfa

bcB
b
µB

c
ν

)
Eq.(2)
The explicit expression of Lagrangian Eq.(2) is

Kabg
µαgνβGa

µνG
b
αβ = Kabg

µαgνβ
(
∂µB

a
ν − ∂νB

a
µ − λfa

cdB
c
µB

d
ν

) (
∂αB

b
β − ∂βB

b
α − λf b

efB
e
αB

f
β

)
Eq.(3)
The derivation of ∆L is

∆L = L [B̃a
ν (x̃

γ), B̃a
ν,µ(x̃

γ), x̃γ ]− L [Ba
ν (x

γ), Ba
ν,µ(x

γ), xγ ]

= L [B̃a
ν (x̃

γ), B̃a
ν,µ(x̃

γ), x̃γ ]− L [Ba
ν (x̃

γ), Ba
ν,µ(x̃

γ), x̃γ ] + L [Ba
ν (x̃

γ), Ba
ν,µ(x̃

γ), x̃γ ]− L [Ba
ν (x

γ), Ba
ν,µ(x

γ), xγ ]

=

[
∂L

∂Ba
ν

δBa
ν +

∂L

∂(∂µBa
ν )

δ(∂µB
a
ν )

]
(x̃γ) + [L,γδx

γ ] (xγ)

=

[
∂L

∂Ba
ν

δBa
ν +

∂L

∂(∂µBa
ν )

δ(∂µB
a
ν )

]
(xγ) +O(δ2) + [L,γδx

γ ] (xγ)

Eq.(4)
The derivation of ∆S is

∆S =

∫
d4x · L δxγ

,γ +

∫
d4x

[
∂L

∂Ba
ν

δBa
ν +

∂L

∂(∂µBa
ν )

δ(∂µB
a
ν ) + L,γδx

γ

]
=

∫
d4x ·

[
∂L

∂Ba
ν

δBa
ν +

∂L

∂(∂µBa
ν )

∂µ(δB
a
ν ) + (L δxγ),γ

]
=

∫ [
∂L

∂Ba
ν

− ∂µ

(
∂L

∂(∂µBa
ν )

)]
δBa

νd
4x+

∫ [
∂µ

(
∂L

∂(∂µBa
ν )

δBa
ν

)
+ (L δxγ),γ

]
d4x

Eq.(5)

∂µ

[
∂L

∂(∂µBa
ν )

Ba
γδx

γ
,ν

]
(∗)

= ∂µ

[(
∂L

∂(∂µBa
ν )

Ba
γδx

γ

)
,ν

−
(

∂L

∂(∂µBa
ν )

)
,ν

Ba
γδx

γ − ∂L

∂(∂µBa
ν )

Ba
γ,νδx

γ

]

=

[
∂L

∂(∂µBa
ν )

Ba
γδx

γ

]
,νµ

(1)

− ∂µ

[(
∂L

∂(∂µBa
ν )

)
,ν

Ba
γδx

γ

]
(2)

− ∂µ

[
∂L

∂(∂µBa
ν )

Ba
γ,νδx

γ

]
(3)

Eq.(6)(
∂L

∂(∂µBa
ν )

Ba
γδx

ν

)
,νµ

=

(
− 1

4πc
Kabg

αµgβνGb
αβ

√
−gBa

γδx
ν

)
,νµ

=

(
− 1

8πc
Kabg

αµgβνGb
αβ

√
−gBa

γδx
ν

)
,νµ

+

(
− 1

8πc
Kabg

αµgβνGb
αβ

√
−gBa

γδx
ν

)
,νµ

=

(
− 1

8πc
Kabg

αµgβνGb
αβ

√
−gBa

γδx
ν

)
,νµ

+

(
− 1

8πc
Kabg

βνgαµGb
βα

√
−gBa

γδx
ν

)
,µν

=

(
− 1

8πc
Kabg

αµgβνGb
αβ

√
−gBa

γδx
ν

)
,νµ

−
(
− 1

8πc
Kabg

αµgβνGb
αβ

√
−gBa

γδx
ν

)
,νµ

= 0
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Eq.(7)
The (∗2) term rely on the EoM: (

∂L

∂(∂µBa
ν )

)
,µ

=
∂L

∂Ba
ν

(
∂L

∂(∂ϕBa
ε )

)
,ϕ

=

(
− 1

4πc
Kabg

αϕgβεGb
αβ

√
−g

)
,ϕ

=
∂L
∂Ba

ε

is EoM

(
∂L

∂(∂εBa
ϕ)

)
,ϕ

=

(
− 1

4πc
Kabg

αεgβϕGb
αβ

√
−g

)
,ϕ

=

(
− 1

4πc
Kabg

βεgαϕGb
βα

√
−g

)
,ϕ

= −
(
− 1

4πc
Kabg

αεgβϕGb
αβ

√
−g

)
,ϕ

= − ∂L
∂Ba

ε

The explicit form of ∂L
∂Ba

µ
is:

∂L

∂Bk
ε

= − 1

8πc
Kabg

µαgνβGa
αβ

√
−g

∂

∂Bk
ε

(
F b
µν − λf b

mnB
m
µ Bn

ν

)
= −

(
− 1

4πc
Kabg

µαgνβGa
αβ

√
−g

)(
λf b

mnδ
ε
µδ

m
k Bn

ν − λf b
mnB

m
µ δενδ

n
k

)
= −

(
− 1

4πc
Kabg

µαgνβGa
αβ

√
−g

)(
λf b

knδ
ε
µB

n
ν − λf b

mkB
m
µ δεν

)
= −

(
− 1

4πc
Kabg

µαgνβGa
αβ

√
−g

)(
λf b

knδ
ε
µB

n
ν + λf b

knB
n
µδ

ε
ν

)
= −

(
− 1

4πc
Kabg

µαgνβGa
αβ

√
−g

)
λf b

kn

(
δεµB

n
ν + δενB

n
µ

)
= − ∂L

∂(∂εBb
ν)

λf b
kn

(
δεµB

n
ν + δενB

n
µ

)

∂L

∂Bk
ε

Bk
γ = − ∂L

∂(∂εBb
ν)

λf b
kn

(
δεµB

n
ν + δενB

n
µ

)
Bk

γ

The (∗2) term is: (
∂L

∂(∂µBa
ν )

)
,ν

Ba
γδx

γ

(∗2)

= − ∂L
∂Ba

µ

Ba
γδx

γ

=

[
∂L

∂(∂µBb
ν)

(λf b
anB

n
ν )

]
Ba

γδx
γ

=
∂L

∂(∂µBa
ν )

(
λfa

bnB
n
νB

b
γδx

γ
)
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