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Abstract

In this article, we provide the natural derivation of symmetrical, gauge-invariant canonical energy-
momentum tensor for non-abelian gauge field, i.e., the Yang-Mills theory.

Introduction

As we previously derive the symmetrical, gauge invariant canonical energy-momentum tensor for abelian
gauge field [1], in this article we generalize to non-abelian gauge field. A more detailed derivation can be
found in the supplementary derivation.

Derivation

We denote p is a point in spacetime, B(p) as Lie algebra valued gauge potential 1-form of the Yang-Mills
field, and the field strength is G = dB + [B A B]. We will discuss the effect of the variation on gauge
potential and the spacetime variation. We denote the variation on gauge potential, B — B = B + 4B, and
the spacetime variation drag by a vector field éz denote as:

p = D= fsz(p)
The total variation of gauge 1-form is
AB = B(p) — B(p) = 6B + L;,B
In local coordinate p — {z#}, the expressions are

B(p) = B(2")Ta
where 7T, is the generator of Lie algebra. The field strength in local coordinate
G — Gy = T,0,BE — T,0,B% +i\[BLT,, BoT)]
= Ta (F;le/ - )‘fl?chLBg) (1)
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. [, is the stgructure constant of Lie algebra. The local coordinate representation of variations are
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ABj, = 0B, + 0,B;;6z" + B;0,0x"
The Lagrangian .Z of Yang-Mills field is

wg" 9" G, Gl s/ =g (2)
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Here, we denote the Killing form/metric as

Kup = Tr(fgdfl;ie) = gdfbdc

The action S
S = /d%ﬂBﬁ(ﬂ),B;ﬁu(ﬂ),ﬁ]

We derive the equation of motion (EoM) and the Noether theorem follow the standard procedure [1]. The
variation of action AS divides into two terms:

AS:/Ad4z*$+/d4x*A$
The first term is the variation of the volume form, which is
Ad'z = 0,027 - d*z
The second term is the variation of .Z
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Hence the AS is

AS = /{aBa - ( (gi; )ﬂ 5B3d4x+/ {au (8((‘3323)533) +($5ﬂ)ﬁ] d*x (4)

The EoM is
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Using 6B) = AByj — Bj 027 — Bdx),:
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Evaluate the (%) term:
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We first calculate W for later use:
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The (x1) term term:
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due to the antisymmetric of F),,, and the symmetric of second order derivative { ., }.

The (%2) term is:
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We now have:
Hence (*) becomes:
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Summary

The natural symmetrical, gauge-invariant canonical energy-momentum tensor for the non-abelian gauge field
is derived. This derivation does not depend on flat spacetime geometry, hence is background independent.
This method has potential to cover general relativity.
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Supplementary Derivation
Eq.(1)
The derivation of Eq.(1)
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The explicit expression of Lagrangian Eq.(2) is
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The derivation of A% is
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The derivation of AS is
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Eq.(7)
The (x2) term rely on the EoM:
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The explicit form of 2

aBa :
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The (%2) term is:
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